A modified mitscherlich equation for rainfed crop production in semi-arid areas: 1. Theory  by Harmsen, K.
Netherlands Journal ofAgricultural Science 48 (2000) 23 7-250
A modified Mitscherlich equation for rainfed crop
production in semi-arid areas: 1. Theory
K.HARMSEN
International Institute for Aerospace Survey and Earth Sciences (lTC), PO Box 6,
NL-7500 AA Enschede, The Netherlands (fax: +31-53-4874200; e-mail: harmsen@itc.nl)
Received 25 November 1999; accepted 22 October 2000
Abstract
The classical Mitscherlich equation is based on Liebig's Law of the Minimum and describes
the yield response of a crop to an increase in the main factor that is limiting growth. The
maximum, or potential, yield is an important parameter in the Mitscherlich equation and is
assumed to be constant, that is, not affected by other factors that limit actual yields under
field conditions. The assumption that potential yield is a constant does not apply to rainfed
agriculture in semi-arid regions because under such conditions potential yields vary with
crop-available moisture. A theoretical framework for the application of the Mitscherlich
equation to rainfed crop production is presented. Water-limited potential yield is assumed to
be a linearly increasing function of available moisture. Similarly, the quantity of nutrients
required by a crop to achieve water-limited potential yield is assumed to be a linearly in-
creasing function of seasonal rainfall. Finally, nutrient availability is also thought to depend
on available moisture. The general form of the modified Mitscherlich equation for response
to nutrients is simplified, by expressing all moisture dependent parameters as functions of
annual rainfall.
Keywords: nutrient availability, nutrient-use efficiency, nutrient uptake, potential yield, wa-
ter balance
Introduction
£1:00 <j>Epn, oun apoupa
(The harvest is the year's and not thelield's)
Ancient Greek proverb (Theophrastus, 1989, 1990)
The classical Mitscherlich equation is based on Liebig's Law of the Minimum and
describes the response of a crop to an increase in the factor that is limiting growth,
other factors being constant (Von Liebig, 1855; Mitscherlich, 1909, 1913). Although
Mitscherlich's equation was assumed to apply to all factors that could limit growth
('vegetation-factors', 'growth-factors' or 'production factors'), such as light, tem-
perature, water and nutrients, it is most commonly applied to nutrients, in particular,
nutrients supplied in the form of chemical fertilizers or organic soil amendments.
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The assumption that the potential, or maximum, yield of a particular crop is a con-
stant across sites and seasons may be approximately valid for a country with a humid
temperate climate, with limited relief, where moisture is generally not limiting
growth and radiant energy and temperature do not vary much between sites and sea-
sons. However, for rainfed agriculture in semi-arid regions of the world, this assump-
tion would not hold. Under such conditions, potential yields of rainfed crops are es-
sentially water-limited: they range from practically zero, under very dry conditions,
to values similar to those achieved under irrigation, under high rainfall conditions.
The Mediterranean environment is a typical example of a semi-arid environment
where actual yields in farmers' fields vary with seasonal rainfall. John L. Monteith
stated that 'in many types of climate, fluctuations of rainfall and temperature are the
main sources of variability in yield but it was presumably the particular experience
of Mediterranean farmers which was summed up long ago in one simple statement:
annus fructum fert, non tellus (Monteith, 1981). The statement referred to by Mon-
teith is derived from Theophrastus (372-287 BC), the successor of Aristotle in an-
cient Greece, who cites an ancient Greek proverb stating that 'the harvest is the
year's and not the field's' (Theophrastus, 1989, 1990). Incidentally, it may be noted
that Theophrastus is quite well aware of the effect of soil fertility and agronomic
management on crop yields, but seems to support the view that ultimately available
moisture determines (water-limited) potential yield.
Production functions, such as the Mitscherlich equation, are widely used in agri-
cultural science to relate yield response to nutrient supply and other factors (De Wit,
1992, 1994). As time is not a variable in such production functions, the dynamics of,
for example, nutrients and water, and their interaction with crop physiology during
the growing season, cannot be considered. Therefore, if the interaction between crop
development and available moisture is very complex or significantly affects final
crop yield, a production function may not be adequate and one may have to resort to
deterministic or stochastic simulation modelling or a comparable approach.
Interest in the Mitscherlich production function was stimulated by C.T. De Wit,
who observed that the 'law of diminishing returns' could not explain the near linear
(or even increasing) response of crop yield to increased use of resources, in particu-
lar, chemical fertilizer, in the industrialized world after 1945 (De Wit, 1992, 1994).
The observation of De Wit could be explained by assuming that any 'diminishing
returns' with regard to a particular resource, such a nitrogen fertilizer, would be
compensated by increased efficiency as a consequence of other technical changes in
the production process (De Wit, 1992, 1994). De Wit's paradigm of 'compensation
of diminishing returns' turned out to be similar to Liebscher's Law of the Optimum
(Liebscher, 1895), which presumably was introduced in the Dutch agronomic litera-
ture by F. Van Der Paauw (1938) and o. De Vries (1939). The Mitscherlich equation
may be considered a special case of Liebscher's Law of the Optimum (De Wit, 1992)
and, in fact, as its mathematical formulation, in particular in the form of the multi-
factorial Mitscherlich-Baule equation (Baule, 1917; Mitscherlich, 1956).
The Mitscherlich-Baule equation has been further developed and modified (e.g.,
Von Boguslawski & Schneider, 1962, 1963). These modifications have broadened
the range of applicability of Mitscherlich-Baule-type production functions, although
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the physical significance of some of the parameters introduced may need further
study. In the present paper, the discussion will be limited to the original Mitscher-
lich-Baule equation, as the emphasis is on the introduction of water-limited potential
yield and nutrient-moisture interactions in the production function and this does not
require more complex forms of the production function.
The aim of this paper is to develop a form of the Mitscherlich-Baule equation
which considers explicitly the effect of available moisture on potential yield, nutrient
demand and on nutrient availability. Such an equation would be relevant to rainfed
crop production in semi-arid regions. In a companion paper (Harmsen, 2000), the
moisture dependence of potential yield and of nutrient availability will be discussed
for nitrogen and phosphorus, using data from agronomic experiments in the semi-
arid region of Syria.
Theoretical
Yield response to application of a growth-limiting nutrient can be described by a
Mitscherlich equation of the form:
(1)
where Y is the total biological or total dry matter (dm) yield of a particular crop (kg
dm ha-1), which is a function of more than one variable, Yx is the maximum, or
potential, yield of that crop under the climatic and edaphic conditions of the experi-
ment, Nr is the rate of the nutrient applied to the crop (kg nutrient ha- 1) and Er is an
'activity' coefficient (kg- 1 nutrient ha), which is a measure of the availability of the
applied nutrient to the crop.
The differential equation (l) represents the slope of the production function and
is, in fact, the definition of 'nutrient-use efficiency' (kg dm kg-1 nutrient). Mitscher-
lich thus assumes that the nutrient-use efficiency is proportional to the difference
between potential and actual yield. If actual yield is very low, the response to appli-
cation of the nutrient, which is limiting growth, is highest. When the actual yield ap-
proaches the potential yield, the response to the limiting nutrient tends to zero.
Equation (1) shows that the nutrient-use efficiency, that is, the slope of the yield
response curve, depends on the value of Yx : in the limiting case for Y = 0, the slope
equals ErYX' that is, increases linearly with increasing values of Yx'
The notion 'potential yield' refers to the maximum yield that can be achieved un-
der clearly specified agro-ecological, edaphic and management conditions. Strictly
speaking, 'potential yield' would refer to a situation where only the genetic potential
of the crop would limit yield. In practice, however, the term potential yield is also
used in situations where photoperiod, temperature, carbon dioxide or radiant energy
are limiting yield. Such use of the term potential yield requires that the environmen-
tal conditions to which the term 'potential' refers, should be carefully specified. For
example, the 'potential yield' of a crop grown under rainfed conditions at a certain
location during the rainy season may be lower than the potential yield of the same
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crop grown at the same location during the post-rainy season (e.g., using stored soil
moisture or under irrigation), when radiant energy levels and temperatures may be
more favourable.
In the present paper, the term 'water-limited potential yield' will be used for crops
grown under rainfed conditions, that is, conditions where ultimately available water
determines potential yield. Of course, these water-limited potential yields are gener-
ally not achieved under farmers' field conditions, as other yield-limiting factors,
such as available nutrients, yield-reducing factors, such as weeds, pests and diseases,
or agronomic factors, such as seedbed preparation, seeding rate, plant density or row
spacing, may determine actual yields in farmers' fields.
Equation (I) gives upon integration:
(2)
where 'exp' is the exponential function and Yo is the yield when no nutrient is ap-
plied in the form of an external source (N f = 0). If the nutrient availability from all
internal (soil) and external sources is zero, then Yo is likely to be zero. The
Mitscherlich equation thus assumes that if the nutrient under consideration is the
factor most limiting crop yield and if other factors affecting crop growth are held
constant at near-optimum levels, yield increases with increasing nutrient rate, until it
asymptotically reaches a maximum value.
Assuming that potential yield is a function of available moisture, Equation (2)
may be written as:
(3)
where Ya denotes the potential yield as a function of available moisture (8), Nt the
total quantity of nutrients available to the crop from all sources, lOt an activity coeffi-
cient which is a measure of the nutrient availability associated with Nt and where it
has been assumed that Yo = 0 at Nt = O.
Equation (3) would imply that a constant amount of available nutrients (Nt) would
give different yield responses, depending on Ya, that is, on available moisture condi-
tions. Or, differently stated, that the absolute amount of nutrient needed to reach a
certain fraction of the maximum yield is the same whether yields are high or low (De
Wit, 1992). De Wit refers to this feature of the Mitscherlich model as the 'constant
activity' of the production factor Nt (De Wit, 1992, 1994). Although De Wit is of the
opinion that nutrient-use efficiency may increase with increasing potential yield, he
refers to the assumption of constant activity as a 'heroic' assumption, thus question-
ing its general validity.
It is conceivable that nutrient-use efficiency (cf. Equation 1) increases with in-
creasing water-limited potential yield. This is also implied in Equation (l), if Yx is
replaced by Ya. However, it can easily be shown that Equation (3) could result in the
hypothetical situation that at high potential yield levels, more nutrients would be
taken up by the crop than would be available in the form of soil nutrients or applied
in the form of fertilizer or some other external source. In principle, it is conceivable
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that at higher rainfall levels, more soil nutrients are available to the crop, such that
total nutrient uptake could increase, but nutrient uptake beyond the level of total
available nutrients is, of course, highly unlikely.
De Wit refers to the Mitscherlich equation ('constant activity') as a special case of
Liebscher's 'Law of the Optimum', which states that 'a production factor that is in
minimum supply contributes more to production the closer other production factors
are to their optimum' (Liebscher, 1895; De Wit, 1992, 1994). In De Wit's view, the
difference between Liebig's Law of the Minimum and Liebscher's Law of the Opti-
mum, for the yield response (Y) to a single production factor (N), would be in the
slope of the production function (ay/aN) as related to the potential yield (Ye): In the
case of Liebscher the slope of the production function, in the limit for N = 0, would
be a linear function of Ye (e.g., EtYe), whereas in the case of Liebig the slope would
be the same for all values of Ye, in the limit for N = O. The Mitscherlich equation (1)
can be modified to fit the Liebig model:
(4)
which gives upon integration:
(5)
where Yx has been replaced by Ye and EtL (kg dm kg'] nutrient) denotes the activity
coefficient related the total-nutrient content (Nt) for the Liebig model and where it is
further assumed that Yo= 0 ifNt=O. From Equation (4) it follows that the slope of
the production function (i.e., nutrient-use efficiency) equals ElL in the limit for Nt =
0, for all values ofYe- From Equation (5) it follows that, in contrast to the 'heroic'
assumption of 'constant activity', the yield response to the application of a constant
amount of nutrients depends on the value of Ye, i.e., decreases with increasing Ye.
Otto De Vries (1939) reviewed a large number of fertilizer response trials con-
ducted in the Netherlands and concluded that some results could be better described
by a Liebig-type model (Equation 5), whereas others were closer to a Liebscher-
Mitscherlich-type model (Equation 3). The trial results did not clearly support either
model, although the results of pot experiments tended to be closer to a Liebig-type
model and field experiments were better described by Liebscher-Mitscherlich-type
production functions (De Vries, 1939).
Although the original Mitscherlich equation was assumed to apply to a single pro-
duction factor (Mitscherlich, 1909, 1913), it was soon realized that a similar ap-
proach could be followed with regard to more production factors (Baule, 1917,
Mitscherlich, 1956):
(6)
where 10" Ez, and En are activity coefficients associated with N" Nz and Nn, and where
Yo = 0 at N i = O. Limiting the discussion to 2 production factors, water (8) and a
nutrient (Nt), it follows that:
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Although it would be attractive to include the effect of water (c.q. annual rainfall)
in the form of an exponential factor, as is done in the Mitscherlich-Baule equation
(7), it is unlikely that EtNt in Equation (3) would be independent of rainfall if Ye is
strongly dependent on rainfall. In fact, one would expect the quantity of nutrients re-
quired to achieve water-limited potential yield to increase with increasing rainfall
(cf. Equation 5). Also, the nutrient availability would be expected to be affected by
rainfall conditions, albeit possibly in different ways for different nutrients, e.g., in-
crease with rainfall in the case of phosphorus, because of increased mobility of
phosphorus in the soil, but decrease with rainfall in the case of nitrogen, because of
increased leaching and denitrification of nitrate.
Hence, under conditions of rainfed crop production, the exponential function
would have to be modified to account for the effect of available moisture. This could
be done as follows:
(8)
or, in differential form:
(9)
where Etoe is the moisture-dependent actIvIty coefficient associated with Nt and
where Ye has been introduced in the exponential function (cf. Equations 4-5).
Hence, it is assumed, in a way similar to the Liebig model, that the parameter N/Ye
is driving the nutrient uptake under water-limited growth conditions, rather than Nt.
In other words, a constant amount of nutrient applied would have a relatively larger
effect at low rainfall conditions, where the crop nutrient requirement would be rela-
tively low, than at higher rainfall conditions, where the crop's requirement would be
higher. Finally, the effect of soil moisture on the nutrient-availability in the soil and,
thus, on the nutrient-use efficiency, is introduced through Etoe ' Moisture influences
mineralization-immobilization, adsorption-desorption and dissolution-precipitation
reactions in soil, nutrient transport by mass flow and diffusion to the plant roots, as
well as root development and root activity itself. Also, the volume of the soil acces-
sible to the roots of the crop increases. Therefore it seems plausible that the activity
coefficient E'oe depends on soil moisture conditions.
In the form of Equation (8), the modified Mitscherlich equation is difficult to
evaluate, as Ye and Etoe are as yet unknown functions of e. In the following sections,
approximate expressions for Ye and Etoe will be presented, such that the resulting pro-
duction function can be tested in field experiments.
Relation between water-limited potential yield and rainfall
From Equation (7) it follows that the water-limited potential yield can be represented
by:
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(10)
or, in a Taylor-series approximation, for small values of 8:
(11)
that is, over a limited range of values of 8, Ye can be approximated by a linear func-
tion of 8. The simplest way to measure 'water' is by measuring annual rainfall, r
(mm year~l). It should be noted that 'annual' rainfall may not be measured on the ba-
sis of a calendar year, but from the middle of the dry season to the middle of the next
dry season, in the case of a uni-modal annual rainfall distribution. In practice, in
many experiments in the semi-arid regions, only seasonal rainfall is measured, as
most of the early or late rains do not contribute significantly to biomass production,
since the scattered rainfall that reaches the soil during the dry season evaporates. In
the present treatment, however, it will be assumed that 'annual rainfall' refers to a
full 12-month period, centered around the rainy season.
Biomass production only occurs when annual rainfall exceeds a certain threshold
value, ro (mm year~I), below which no germination occurs or no biomass is produced,
because rainfall is too low or too scattered throughout the season for crops to survive
(Harmsen et al., 1983; De Wit, 1994). Replacing 8 by annual rainfall, Equation (11)
can be approximated by:
(12)
where:
(13)
and where Eer is an activity coefficient which is a measure for the availability of rain-
fall to the crop (mm-l year) and Yx is potential yield (kg dm ha-l year-I). Of course,
Equation (12) would only be valid for a limited range of rainfall levels, that is, yield
may increase linearly with rainfall over a limited range, but at some level the rela-
tionship would break down because beyond that level rainfall would be no longer
limiting yield.
The expression YxEer may be referred to as the crop water-use efficiency (kg dm
ha-1 mm~l). It may be noted that YxEer may also be defined on the basis of grain yield
(kg grain ha-l mm-l) rather than total dry matter. Also, from an agronomic point of
view, it may be desirable to define YxEer on the basis of crop evapotranspiration
rather than rainfall (e.g., Cooper, 1983; Cooper et al., 1983), but for the present
treatment it is simpler to limit the discussion to total dry matter and annual rainfall.
Relation between activity coefficient and water
In this section an approximate expression for the activity coefficient in the modified
Mitscherlich equation (8), Et•e, is presented, which can be tested under field condi-
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tions. To this end it is assumed that:
(14)
where n is a power constant, which is independent of 8. As the dimension of lOt e is kg
dm kg-1 nutrient, it follows that the dimension of En! is kg 1- ndm han kg- 1 nutrie~t, that
is, the dimension of Ent depends on the value of the power constant, n, in such a way
that the dimension of the product Entyen equals kg dm kg- 1 nutrient. Furthermore, the
power constant, n, is expected to be larger than zero, that is, El,e is expected to be an
increasing function of8.
It may be noted that Ye by itself can be considered a measure of seasonal availabil-
ity of moisture to crops at different locations in the agro-ecological zone under con-
sideration. That is, the water-limited potential yield itself is the best estimate of
available moisture, if other factors are not limiting crop growth. With the use of
Equation (12), the above expression for El •e (Equation 14) would be a rather versatile
function of rainfall, which could approximate almost any rainfall-dependency over a
limited range of rainfall conditions.
With the use of Equation (14), Equation (8) can now be written as:
(15)
Equation (15) can be evaluated experimentally, once Ye is known as a function of the
seasonal availability of water (cf. Equation 12), in a well-defined agro-ecological
environment.
Soil and fertilizer nutrients
In Equation (3) the source and chemical nature of the nutrients are not specified.
Nevertheless, it is quite likely that nutrient uptake and availability will also be af-
fected by source (e.g., chemical fertilizer, organic residue, soil minerals) or chemical
nature (inorganic or organic forms). Assuming that the crop derives its nutrients
mainly from two sources, native soil nutrients and fertilizer-applied nutrients, Nt
may be written as:
(16)
where N, refers to soil nutrients (kg nutrient ha-1) in the rooting zone of the crop, and
Nf refers to fertilizer-applied nutrients. Equation (16) could be expanded to include
the effects of nutrients derived from other sources (e.g., atmospheric deposition,
crop residues, biological N fixation), timing of fertilizer application (e.g., basal vs
topdressing), type of application (e.g., banding or placement vs broadcast) or resid-
ual effects of fertilizer application in previous seasons. In the present treatment,
however, the discussion will be limited to soil- and fertilizer-derived nutrients. The
effect of moisture on nutrient availability can be introduced in Equation (16):
244 Netherlands Journal ofAgricultural Science 48 (2000)
THEORY OF A MODIFIED MITSCHERLICH EQUATION
(17)
where the activity coefficients Es,e and Er,e are measures for the moisture-dependent
availabilities of soil and fertilizer nutrients, respectively. Once fertilizer applied nu-
trients are fully mixed with nutrients in the soil pool, it is difficult to distinguish be-
tween the two sources of nutrients, other than through the use of isotopes, However,
fertilizer nutrients may be subject to losses upon application, such as through
volatilization (nitrogen) or surface runoff, which would result in lower availabilities
or nutrient-use efficiencies of fertilizer-applied nutrients than of soil nutrients.
The soil nutrient pool, N" may be a function of 8 as well, for example, through in-
creased mineralization of organically bound nutrients or increased dissolution of soil
minerals under high rainfall conditions. As this effect is difficult to distinguish from
an increased nutrient availability, resulting from increased root development and in-
creased accessibility of soil nutrients under higher rainfall conditions, the effect of
this is included in Es,e' Nevertheless, if information on the soil nutrient pool is avail-
able, this could be explicitized through the introduction ofNs,e'
Assuming that the crop may use soil and fertilizer nutrients with different effi-
ciencies, the Mitscherlich equation (8) may thus be written:
(18)
where Yo has been set equal to zero, because yield is assumed to be zero ifNs=Nr=
O. The use of Equation (18) makes sense only if information on the availability and
crop uptake of soil- and fertilizer-derived nutrients is available from field experi-
ments. Under such conditions, Equation (18) can be written in the alternative form:
(19)
where Ens and Emr are defined in a similar way to Equation (14) and where it has been
assumed that the power constants nand m can be measured separately for different
sources of nutrients. If this is not the case, or if they are equal, it follows that n = m.
Relation between expected yield, required soil nutrient availability and seasonal
rainfall
In principle, a relation between the soil nutrient availability required to achieve a
specified level of expected yield, as a function of seasonal rainfall, can be derived
from Equation (19). For Nr= 0, Equation (19) can be written as:
(20)
Taking, as an example, Y = 0.8Ye, that is, actual yield is expected to be 80% of wa-
ter-limited potential yield, it follows that:
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where the expected yield level, 80% of water-limited potential yield, has been select-
ed more or less arbitrarily. However, in the semi-arid regions, farmers would rarely
aim at 100% of Ye, or even 90%, because of uncertainty about actual rainfall in a
particular growing season. Assuming that Equation (12) applies, Equation (21) be-
comes:
(22)
which is a function of annual rainfall only. This relation is of significance for assess-
ing the required availability of soil nutrients, in particular available phosphorus
(e.g., P-Olsen), which is known to be affected by available moisture (Matar et al.,
1992).
Discussion
The modified Mitscherlich equation, in the form of Equation (15), is a simple and
straightforward way to introduce moisture-dependency in the Mitscherlich equation.
There is little doubt that, ultimately, achievable maximum yields under rainfed con-
ditions in the semi-arid regions of the world are limited by available moisture up to a
certain threshold level where other factors may become limiting. As it is known that
biomass production is zero below a certain threshold level of rainfall (ro) and then
increases with increasing rainfall, water-limited potential yield of a particular crop
can be described, in first approximation, by a linear function of rainfall (cf. Equation
12), for a limited range of agro-ecological and edaphic conditions.
Furthermore, the introduction of a simple and versatile function of moisture in the
exponent of Equation (15) to account for the effect of seasonal water-availability on
nutrient availability and nutrient-use efficiency seems plausible. For example, if
there is no moisture in a certain layer of the soil (e.g., the top layer) the crop cannot
use any of the nutrients contained in that layer, that is, they are inaccessible because
oflack of water. Similarly, soil phosphorus is known to be less available to crops un-
der dry conditions than at higher levels of available moisture (Matar et al., 1992;
Harmsen, 1995). At the other end of the spectrum, under high rainfall conditions,
leaching of nitrate to beyond the reach of the rooting system of the crop or denitrifi-
cation could effectively decrease the availability of soil mineral nitrogen.
The function Yen~l is a simple and straightforward way of introducing moisture de-
pendency in the exponent of the Mitscherlich equation. This function can approxi-
mate a range of, increasing or decreasing, relationships between nutrient availability
and available moisture. Again, this function is not expected to be valid beyond a cer-
tain range of rainfall conditions.
In Figure 1, the modified Mitscherlich equation in the form of Equation (15), with
grain yield, GY, replacing Y, is plotted for 3 values of GYe and n-l = -1. This repre-
sents essentially the Liebig-model and it can be seen that the slopes of all response
curves are the same at Nt = O. In Figure 2, the modified Mitscherlich equation (Equa-
tion 15) is plotted for n-l = 0 and for 3 values of GYe. In the case of n-l = 0, the
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Figure 1. The modified Mitscherlich
equation (Equation 15), where Y has
been replaced by OY and Yo by OYo, is
plotted for 3 values of water-limited
potential grain yield, OYo = 2000, 4000
and 8000 kg grain ha-1, and for the
power constant n-l = -1 (i.e., n = 0).
The value of En' is taken as 27.73 kg
grain kg-1 nutrient.
300100 200
Nt (kg nutrient/hal
0-jL--------,---------.------~
o
2000
10000
8000
-.! 6000-~-> 4000
C)
equation reduces to the classical Mitscherlich equation (2). It can be seen that the
slopes of the response curves are all different at Nt = O.
Crop nutrient uptake may be denoted by Np (kg nutrient ha-1 year-I) and nutrient
uptake by the grain only may be denoted by GNp (kg nutrient ha-1 year-I). Assuming
that the nitrogen content in the grain is 2%, the yield response curves can also be in-
terpreted as nitrogen uptake (GNp) curves, e.g., GNp = 0.02GY. If it is further as-
sumed that all crop-available nitrogen is used by the crop, i.e., GNp = Nt, it follows
that at Nt = 100 kg nitrogen ha-I, the nitrogen uptake by the grain would be 34.6
(GYa = 2000), 69.2 (GYa = 4000) and 138.3 kg nitrogen ha-1 (GYa = 8000 kg ha-1).
The broken line in Figure 2 indicates where the nitrogen uptake by the crop would
equal the total amount of nitrogen available (GNp = Nt). The area to the left of the
broken line thus indicates where the nitrogen uptake exceeds the total amount ofni-
Figure 2. The modified Mitscherlich
equation (Equation 15) for n-l = 0 (i.e.,
n = 1) is plotted for three values of wa-
ter-limited potential grain yield OYo =
2000, 4000 and 8000 kg grain ha-1• The
value of En! is set at 0.020 kg-1 nutrient
ha. The broken line represents the rela-
tionship OY = SON" based on 2% N in
the grain.
300
.'.'.'
"."
100 200
Nt (kg nutrient/hal
O-F------,-----,-------------,
o
8000
2000
10000
> 4000
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trogen available. It may be noted that actual nitrogen uptake would, in fact, be about
30--40% higher, as also the straw contains some nitrogen (e.g., about 0.5%). Also, in
the semi-arid tropics, nitrogen use efficiencies of 40-60% could easily be achieved
(Harmsen, 1984; Buresh et ai, 1990), but 100% would be very rare.
Finally, the notion of 'nutrient availability' is a composite parameter, which is
made up of a number of factors, such as root activity, spatial and temporal distribu-
tion of root distribution and density, moisture dynamics, gas exchange, and distribu-
tion and chemical form of nutrients in the soil. In the present approach, the dynam-
ics of the soil nutrient pool, including chemical transformations, interactions with
the solid phase, and immobilization-mineralization reactions, as well as the moisture
dynamics, are effectively all included in the notion "availability" and expressed as a
function of seasonal rainfall (cf. Equations 12 and 14). Obviously, this is a rather
crude approach, but it allows the model to be fitted to yield response to nutrient ap-
plication under field conditions.
The more elegant approach to including moisture and nutrient dynamics in a crop
production model would be through a mechanistic description of soil water and nu-
trient dynamics in relation to crop development under specified climatic and soil
conditions (simulation modelling). However, such approaches do require significant
amounts of data, often on a daily or weekly basis, which are not always available
from field experiments. When such data are not available, production functions of
the Liebig- or Mitscherlich-Baule-type could be used instead to relate yield data to
annual rainfall, fertilizer inputs, etc.
The present approach of modifying the Mitscherlich equation for rainfed agricul-
tural production in semi-arid regions, to allow for the effects of variation in annual
rainfall, is a step forward over the classical Mitscherlich equation. The present mod-
el has the further advantage that it requires a limited amount of data for calibration:
i.e., total seasonal rainfall, yield (grain or dm), soil nutrient level (e.g., P-Olsen,
mineral-N, exchangeable-K).
The modified Mitscherlich equation could, in principle, be used to assess fertilizer
requirements based on expected water-limited potential yield, which, in turn, de-
pends on expected rainfall. The latter element, of course, is always there: any sort of
fertilizer recommendations for rainfed crop production in the semi-arid regions has
to be based on some form of prediction or expectation of seasonal rainfall. Never-
theless, with the modified Mitscherlich model, nutrient requirements can be predict-
ed, based on a simple soil test, for a specified yield level.
The model could also be used to determine whether a certain crop did achieve the
expected yield level during a certain season, based on actual rainfall and nutrient
conditions. If so, this would be an indication that no other factors limited (or re-
duced) yield during the season. If not, one would have to analyze the factors that
could limit or reduce yield and determine the cause of the lower yield.
Conclusion
In the classical Mitscherlich equation, the maximum, or potential, yield is assumed
to be a constant. In the semi-arid regions, potential yields are determined by crop-
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available moisture. Also, potential nutrient uptake and the availability of nutrients is
affected by available moisture. The modified Mitscherlich equation presented in this
paper, considers the effects of moisture on potential yield, potential nutrient uptake
and nutrient availability in a simple and direct way. The model discussed in this
paper needs further testing, but could provide a framework for a Mitscherlich-type
model to describe crop response to nutrient availability c.q. application under rain-
fed conditions in the semi-arid regions.
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